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ABSTRACT. We introduce tropical vector bundles, morphisms and rational sections of these bundles and 
define the pull-back of a tropical vector bundle and of a rational section along a morphism. Most of the 
definitions presented here for tropical vector bundles will be contained in [T()9| for the case of line bundles. 
Afterwards we use the bounded rational sections of a tropical vector bundle to define the Chern classes of 
this bundle and prove some basic properties of Chern classes. Finally we give a complete classification of 
all vector bundles on an elliptic curve up to isomorphisms. 



In this section we will introduce our basic objects such as tropical vector bundles, morphisms of tropical 
vector bundles and rational sections. 

Definition 1.1 (Tropical matrices). A tropical matrix is an ordinary matrix with entries in the tropical 
semi-ring 



where a © b = max{a, b} and a b = a + b. We denote by Mat(m x n, T) the set of tropical m x n 
matrices. Let A £ Mat(?77 x n, T) and B £ Mat(n x p, T). We can form a tropical matrix product 
AQB := (dj) £ Mat(mxp,T) where q., = 0™ =1 a lk (dbkj- Moreover, let G(r x s) C Mat(rxs,T) 
be the subset of tropical matrices with at most one finite entry in every row. Let G(r) be the subset of 
G(r x r) containing all tropical matrices with exactly one finite entry in every row and every column. 

Remark 1.2. Note that a matrix A £ G(r x s) does, in general, not induce a map /a ■ R s — > R r : 
x 1— > A x as the vector A Q x may contain entries that are —00. To obtain a map Ja ■ R s — > K r 
anyway we use the following definition: Let x £ M. s and A x = (yi, . . . ,y r ) £ T r with yi = —00 
for i £ I and iji £ R for i ^ I. Then we define Ja{x) '■= (yi, ■ ■ ■ , y r ) € K r with yl := for i £ I and 
yi := y t fori £ I. 

Notation 1.3. For an element a of the symmetric group S r we denote by A a the tropical matrix A a = 

(ay) £ Mat(r x r, T) given by 



Moreover, for a\, . . . , a r € K we denote by D(ai ,a r ) the tropical diagonal matrix D{a\ ,a r ) = 
(ckj) £ Mat(r x r,T) given by 



Note that every element M £ G(r) can be written as M = A a D(a-y, . . . ,a r ) for some a £ S r and 
some numbers a-y, . . . , a r el. Moreover, G(r) together with tropical matrix multiplication is a group 
with neutral element E := D(0, . . . , 0). 



Lemma 1.4. G(r) is precisely the set of invertible tropical matrices, i.e. 

G{r) = {A £ Mat(r x r,T)\3A' £ Mat(r x r, T) : A A' = A' A = E}. 



1. Tropical vector bundles 



(T = RU{-oo},©,0), 
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Proof. The inclusion 

G(r) C{ie Mat(r x r, Y)\3A' G Mat(r xr,T) : AQ A' ~ A' Q A = E} 

is obvious. Thus, let A, A' e Mat(r x r, T) be given such that AQ A 1 = A 1 Q A = E. Assume that 
A = (ctij) contains more than one finite entry in a row or column. For simplicity of notation we assume 
that an, a 12 7^ — oo. As A A' = E we can conclude that the first two rows of A' look as follows: 



A' = 



( " 



-oo 
-oo 



-00 

-oo 



\ 



for some a, f3 G 



As moreover A' A = E holds, we can conclude from the second line of A' and the first column of A 
that 

an + P = -oo, 

which is a contradiction to an, (3 E M. □ 



We have all requirements now to state our main definition: 

Definition 1.5 (Tropical vector bundles). Let X be a tropical cycle (cf. BAR071 definition 5.12]). A 
tropical vector bundle over X of rank r is a tropical cycle F together with a morphism it : F — > X 
(cf. IIAR071 definition 7.1]) and a finite open covering {U\, . . . , U s } of X as well as a homeomorphism 

: 7T _1 ([/ 4 ) A [/, x I r for every i E {1, . . . , s} such that 

(a) for all i we obtain a commutative diagram 

7r _1 (Z7 i ) — Ui x W 
in 

Ui 

where pi : Ui x M. 7 ' — > Ui is the projection to the first factor, 

(b) for all i, j the composition p^ o $j : tt^ 1 (Ui) — > R is a regular invertible function (cf. BAR07I 

definition 6.1]), where p^ : Ui x R r — > R : (x, (flx, . . . , a r )) \— > aj, 

(c) for every i,j G {1, . . . , s} there exists a transition map Mij : Ui D Uj — * G(r) such that 

$j o ^.r 1 : ([/,; n LT,-) x R r -> (U, n Uj) x R r 

is given by (x, a) i— > (cc, My(i) a) and the entries of are regular invertible functions on 
Ui n Uj or constantly — oo, 

(d) there exist representatives Fq of F and of X such that Fo = {t^^ 1 (t)\t G Xo} and 
u>f (tt -1 (t)) = wx (t) for all maximal polyhedra t G Xo. 

An open set Ui together with the map <E>i : n~ 1 (Ui) 4 {/j x l r is called a foca/ trivialization of F. 
Tropical vector bundles of rank one are called tropical line bundles. 

Remark 1.6. Let V\, . . . , Vt be any open covering of X. Then the covering {Ui n V, } together with 
the restricted homeomorphisms ^il^-i ajifW) an< ^ transition maps Mij\nj in v k )n(u-nVt) fulfills all re- 
quirements of definition 1 1.5 1 too, and hence defines again a vector bundle. As the open covering, the 
homeomorphisms and the transition maps are part of the data of definition 1 1.51 this new bundle is (ac- 
cording to our definition) different from our initial one even though they are "the same" in some sense. 
Hence, in the following we will identify vector bundles that arise by such a construction one from the 
other: 
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Definition 1.7. Let tt : F — » X together with open covering Ui, . . . , U s , homeomorphisms <f>i and 
transition maps My and tt : F — > X together with open covering Vi, . . . , Vt, homeomorphisms "J; 
and transition maps iVy be two tropical vector bundles according to definition 1 1.5 1 We will identify 
these vector bundles if the vector bundles tt : F — > X with open covering {Ui fl Vj} and restricted 
homeomorphisms ^i^-i^nv,-) respectively ^ 3 ^-i^ny.) and transition maps M y - | ((7 . n y fc)n( , 7jnV;) 
respectively iVfcj|(y in Vfc)n(l^nv,) are equal. 

Remark 1.8. Let 7Ti : Fi — > X and 7r2 : F2 — > X be two vector bundles on X. By definition ! 1.7l we can 
always assume that Fl and F2 satisfy definition [T3] with the same open covering. 

Remark 1.9. Let tt : F — > X be a vector bundle with open covering U\,. . . ,U S and transition maps 
My as in definition 11.51 On the common intersection Ui D Uj fl Uk we obviously have My(i) = 
Mkj(x) Mik(x). This last equation is called cocycle condition. Conversely, given an open covering 
U\ , . . . , U s of X and maps My : C/j n Uj — » G(r) such that the entries of My (x) are regular invertible 
functions on Ui D Uj or constantly — 00 and the cocycle condition My (x) = My (x) M^ (x) holds on 
CX; n Uj n J7fc, we can construct a vector bundle tt : F ^ X with this given open covering and transition 
functions My: Take the disjoint union ]J* =1 (£/i x M r ) and identify points (x, y) ~ (x, My(x) a) 
to obtain the topological space |F|. We have to equip this space with the structure of a tropical cycle. 
As this construction is exactly the same as for tropical line bundles, we only sketch it here and refer 
to IIT09I for more details. Let (((Xo, \Xq\, {(p a }),ujx ), {^o-}) be a representative of X. We define 
Fq := {■K^ 1 (a)\a G Xq} and u!p ( 7T ^ 1 ( <T )) wx (cf) for all maximal polyhedra a G Xq. Our next 
step is to construct the polyhedral charts tp^-ir^ for Fq: Let a G Xo be given and let Ui 1 , . . . , f/j t be 
all open sets with non-empty intersection with a. Moreover, let {Vi\i G 1} be the set of all connected 
components of all a n Ui k . Every such set Vi comes from a set Uju\ of the given open covering. Hence, 
for every pair fc, ! 6 7 we have a restricted transition map Nu := Mjtk),j(n \v k nv t ■ This implies that 
for all k, I G I the entries of Nki o i"" 1 are (globally) integer affine linear functions on Vk n VJ. As a 
is simply connected, for every such entry h G 0*(Vk fl VJ) of Nki there exists a unique continuation 
h G O*{o). Hence we can extend all transition maps Nki : Vk D V; — » G(r) to maps iV^ : er — > G(r). 
Now we choose for every i G I a point p G V^ and for all pairs k,l G I a path 7fc; : [0, 1] — > <j from Pfc 
to P;. Let fc, I G 7 be given. As the image of 7^ is compact there exists a finite covering V fJil , . . . , V fJic 
of 7fcz([0, 1]). For x G VJ we set 



Example 1.10. Throughout the chapter, the curve X := X2 from [AR07 example 5.5] will serve us as 
a central example. Recall that X arises by gluing open fans as drawn in the figure: 



S( 7kl )(x) := (N'^ix))- 1 • ■ ■ (N'^^x))- 1 G G(r). 



Now fix some fcp S L For alH G I we define maps 



^1 : V; x K r = 7r _1 (V5) —J- R"" +r : (x,a) ~ (^(x), S( lkol )(x) a). 





/ 
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Moreover, recall from HAR07I definition 5.4] that the transition functions between these open fans com- 
posing X are integer affine linear. This implies that the curve X has a well-defined lattice length L. We 
can cover X by open sets U±,U 2 , U3 as drawn in the following figure: 




The easiest way to construct a (non-trivial) vector bundle of rank r on X is fixing a (non-trivial) transi- 
tion map M12 : U\ n U 2 -> G(r) and defining M 23 : U 2 D J7 3 -> G(r), M31 : t7 3 n Ui -► G(r) to be 
the trivial maps x >—> E for all x. We will see later that in fact every vector bundle of rank r on X arises 
in this way. 

Knowing what tropical vector bundles are, there are a few notions related to this definition we want to 
introduce now: 

Definition 1.11 (Direct sums of vector bundles). Let -k\ : F\ — > X and ir 2 : F 2 — ► X be two vector 
bundles of rank r and r', respectively, with a common open covering U\, . . . , U s and transition maps 
and My , respectively, satisfying definition ll.5l (see remark [T78] l. We define the direct sum bundle 
7r : Fi © F 2 — > -X" to be the vector bundle of rank r + r' we obtain from the gluing data 

• Ui,...,U s 

.M^,M^:U t nU^G(r + r'): X ^( M S )ix) "~ Y 

Definition 1.12 (Subbundles). Let tt : F — > X be a vector bundle with open covering U±, . . . , U s and 
homeomorphisms according to definition 1 1.5 1 A subcycle E G Zi(F) is called a subbundle of rank 
r' of F if 7r | £ : _E — > X is a vector bundle of rank r' such that we have for all i = 1, . . . , s: 

®i\Wi>)-HUt) '■ Mb)" 1 ^) =>UiX (e jl ,...,e Jrl ) R 
for some 1 < j\ < . . . < j r ' < r, where the ej are the standard basis vectors in K r . 

Remark 1.13. If 7r : F — » X is a vector bundle of rank r with subbundle S of rank r' like in definition 
I1.12l this implies that there exists another subbundle E 1 of rank r — r' with 

®i\{*\E')-HUt) : (^Ib')^ 1 !^) ^ ^ x (e 3 -|j ^ {ii, ...,jV'})k 
and hence that F = E © E' holds. 



Definition 1.14 (Decomposable bundles). Let it : F 
is decomposable if there exists a subbundle tt\e ■ E 
F an indecomposable vector bundle. 



X be a vector bundle of rank r. We say that F 
X of F of rank 1 < r' < r. Otherwise we call 



As announced in the very beginning of this section we also want to talk about morphisms and, in 
particular, isomorphisms of tropical vector bundles: 

Definition 1.15 (Morphisms of vector bundles). A morphism of vector bundles 7Ti : Fi — > X of rank r 
and tt 2 : F 2 — > X of rank r 1 is a morphism ^ : Fi — > F2 of tropical cycles such that 

(a) 71"! = 7r 2 o vj/ and 

(b) there exist an open covering Ui, .. . ,U S according to definition 11.51 for both Fi and F 2 (see 
remark [T78] l and maps A4 : Ui — > G(r' x r) for all i such that 

$f 2 0*0 (Qf 1 )- 1 : U l x R r t/i x M r ' 

is given by (x, a) 1— > (x, / J 4 i ( x ) (a) ) (cf. |1.21 i and the entries of Ai are regular invertible functions 
on Ui or constantly —00. 
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An isomorphism of tropical vector bundles is a morphism of vector bundles : F\ — > F2 such that 
there exists a morphism of vector bundles \&' : F2 — > i*i with ^' o = id = "J o 

Lemma 1.16. Let tti : i"i — » X and 7T2 ■ F% — > X be two vector bundles of rank r over X. Then the 
following are equivalent: 

(a) There exists an isomorphism of vector bundles \I r : F\ — * F2. 

(b) There exist a common open covering U\, . . . , U s of X and transition maps My for F\ and 

My for F 2 satisfying definition\L5\(cf. remark \L8ty and maps Ei : Ui — > G(r)fori = 1, . . . ,s 
such that 

• ?/ie entries of Ei are regular invertible functions on Ui or constantly —00 and 

• for all i , j holds Ej (x) M-p (x) = M^f (x) E t (x) for all x^U l C\U J . 

Proof, (a) => (b): We claim that the maps A4 : Ui — > G(r x r) of definition ! 1.1 51 are the wanted maps 
Ei. As "J is an isomorphism we can conclude that Ai(x) is an invertible matrix for all x G Ui, i.e. that 
Ai : U — > G(r). Hence it remains to check that Aj(x) M>f(x) = My (x) ^(x) holds for all 
a; G t/j n U f Let i, j be given. As : F\ — > i<2 is an isomorphism, the diagram 

4> ir2 o*o(* Fl )- 1 

(Ui n Uj) x M r — : ^ (Ui n Uj) x R r 



(U n^x M r — — (Ui n Uj) x M r 

commutes. Hence Aj(x) M\f(x) = M[f(x) -Aj(x) holds. 

(6) =>■ (a): Conversely, let the maps Ei : Ui — » G(r) be given. The equation 

for all x € UiD Uj ensures that the maps 

[/jXl r ^[/,xl r : (x, a) 1 ► (a;, ^(x) a) 

on the local trivializations can be glued to a globally defined map : \Fi\ — > | J 7 ^ | - Moreover, this map 
is a morphism as 7Ti , are morphisms and the maps pj o Qf 1 , py o and the finite entries of Ei 

are regular invertible functions (cf. definition [OJ. The equation Ej (x) M-p (x) = My (x) i£j (x) 
implies that 

Ej\x) Mg\x) = Mg\x) Sr 1 ^) 

holds for all x G U n Uj, where E^ 1 (x) := (Ek(x))^ 1 for all x G As the finite entries of 
E^ 1 : Uk — » G(r) are again regular invertible functions we can also glue the maps 

Ui x R r -> [/j x R r : (x, a) h-> (x, Sf 1 ^) © a ) 

on the local trivializations to obtain the inverse morphism ty' : |F2 — > |i<i|, which proves that <1> is an 
isomorphism. □ 



The morphisms we have just introduced admit another important operation, namely the pull-back of a 
vector bundle: 

Definition 1.17 (Pull-back of vector bundles). Let ir : F — > X be a vector bundle of rank r with open 
covering Ui,...,U s and transition maps My as in definition 11.51 and let / : Y — > X be a morphism 
of tropical cycles. Then the pull-back bundle it' : f*F — > V is the vector bundle we obtain by gluing 
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the patches / 1 (C/i) x R r , . . . , / 1 (U S ) x W along the transition maps My o /. Hence we obtain the 
commutative diagram 

f 

f*F- J - ^ p 
I 

7r' I T 

y 



where /' and 7r' are locally given by /' : / 1 (Ui) x K r — > Ui x R r : (y,a) i— > (f(y),a) and 
tt' : Z" 1 ^) x R r -> /-Ht/,) : (tf, o) ^ y. 

To be able to define Chern classes in the second section we need the notion of a rational section of a 
vector bundle: 

Definition 1.18 (Rational sections of vector bundles). Let tt : F — > X be a vector bundle of rank r. A 
rational section s : X — ► F of F is a continuous map s : |X| — > |F| such that 

(a) 7r(s(a;)) = x for all x £ |Jf| and 

(b) there exist an open covering U-y, .. . , U s and homeomorphisms $i satisfying definition [T3](cf. 
definition ! 1.71 ) such that the maps py o $^ o s : Ui — > R are rational functions on E/j for all i, j, 

where py : Ui x M r — > M is given by (x, (ai, . . . , a r )) i— >■ ey. A rational section s : X — » F is called 
bounded if the above maps ' o o s are bounded for all 

Remark 1.19. Let tt : L — > X be a line bundle and s:X^La rational section. By definition, the map 
pMo^os is a rational function on ?/, for all i. Moreover, on UiDUj the maps pW oci^os andp^o^os 
differ by a regular invertible function only. Hence s defines a Cartier divisor D(s) € Div(X). 

There is a useful statement on these Cartier divisors T>(s) in IIT09II that we want to cite here including 
its proof: 

Lemma 1.20. Let ir : L — > X be a line bundle and let Si,sa : X — > L fee fwo bounded rational 
sections. Then 2?(si) — 2? (S2) = h for some bounded rational function h G /C*(X), z'.e. 2?(si) anc/ 
P(s2) are rationally equivalent. 

Proof. Let C/i, . . . , E/ s be an open covering of X with transition maps My and homeomorphisms 
according to definition 11.51 such that for all i both := p^ o $j o si and := P^ $i S2 
are rational functions on U{ (cf. definition 1 1.1 8 1 ). We define ft, := — s /C*(C/j). As we have 
- = S W - = My e 0*(C/j n t/j) foralH, j these maps ft* glue together to ft e /C*(X). 
Hence we have 

v( Sl )-v( S2 ) = [m,8®)}]-[{{Ui,8®)}] 

= [m,s®-s®)}] 

= [m,hi)}] 

= [{(\x\,h)}}. 

□ 

Remark 1.21. Lemma fl .201 implies that we can associate to any line bundle L admitting a bounded 
rational section s a Cartier divisor class T>(F) := [D (s)] that only depends on the bundle L and not on 
the choice of the rational section s. 

Combining both the notion of a morphism of vector bundles and the notion of a rational section we can 
define the following: 
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Definition 1.22 (Pull-back of rational sections). Let ir : F — > X be a vector bundle of rank r and 
/ : Y — > X a morphism of tropical varieties. Moreover, let s : X — > F be a rational section of F with 
open covering Ui, . . . ,U S and homeomorphisms $1, . . . , $ s as in definition 1 1.1 81 Then we can define 
a rational section f*s : Y — > /*F of /*F, the pull-back section of s, as follows: On / _1 (t/j) we 
define 

fs : r 1 ^) -» r 1 ^) x IT : y ^> (y, (p, o $ 4 o s o f)(y)), 
where pi : Ui x M. r — > M r is the projection on the second factor. Note that for y G n f~ 1 (Uj) 

the points (y, (p, o $^ o s o f)(y)) and (y, (p.,- o $j o s o f){y)) are identified in /*F if and only if 
(f(y)i (Pi ° &i ° s ° f)(y)) an d (f(y)i (Pj ° ®j ° s ° f)(y)) are identified in F. But this is the case as 

(/(»)• (P< ° * /)(y)) = (*< ° *)(/(v)) ~ *)(/(»)) = (/(y)> (Pj *i°s° /)(»))• Hence 
we can glue our locally defined map /*s to obtain a map /*s : y — > f*F. 

We finish this section with the following statement on vector bundles on simply connected tropical 
cycles which will be of use for us later on: 

Theorem 1.23. Let n : F — > X be a vector bundle of rank r on the simply connected tropical cycle 
X. Then F is a direct sum of line bundles, i.e. there exist line bundles L\, . . . ,L r on X such that 
F = L 1 ®...®L r . 

Proof. We show that every vector bundle of rank r > 2 on X is decomposable. Let U\, . . . , U s be an 
open covering of X and let 

Mij{x) = D((p™, <p%})(.x) A aij (x) =: D %3 {x) A CTy (*), xeU t n U 3 

with if\j, • ■ ■ , ip\j G 0*(Ui fl Uj) and (Tij(x) G S r be transition functions according to definition 
11.51 We only have to show that it is possible to track the first coordinate of the M r -factor in U\ x M r 
consistently along the transition maps: Let 7 : [0, 1] — > \X\ be a closed path starting and ending in 
P £ U\ . Decomposing 7 into several paths if necessary, we may assume that 7 has no self-intersections, 
i.e. that 7|[o,i) is injective. As 7([0, 1]) is compact we can choose an open covering Vi, ■ ■ ■ ,V t of 
7([0, 1]) such that for all j we have Vj C Ui for some index i = P S V\ = Vt C U\, all sets Vj 
and all intersections Vj HVj+i are connected and all intersections Vj CiVj' for non-consecutive indices are 
empty. For sets Vj and Vj' with non-empty intersection we have restricted transition maps My j y., (x) = 
Dvj,Vj> (x) A„ v . v / induced by the transition maps between U^j) D Vj and U^ji) 2 Vj'- Note that 
the permutation parts A av V / of the transition maps do not depend on x as all intersections Vj Pi Vj/ are 
connected and the permutations have to be locally constant. We define 7 7 := o-y tl y t o . . . o ery^ y 2 (l). 
We have to check that 7 7 = 1 holds. First we show that 1 1 does not depend on the choice of the 
covering Vi,...,Vt. Hence, let V{, . .., V(, be another covering as above. We may assume that all 
intersections Vj fl V-, are connected, too. Between any two sets A,B£ {Vi, . . . ,Vt, V[, ■ ■ ■ , V(, } 

with non-empty intersection we have restricted transition maps Ma,b{x) = Da,b(x) A„ A B as 
above. Moreover, let = ao < ol\ < ... < a. p = 1 be a decomposition of [0, 1] such that for 
all i we have 7([«i, Q?i+i]) Q Vj D Vj, for some indices j, j'. Let iq be the maximal index such that 

7(K>«»o+i]) QV a Ci VI and 

is still fulfilled. Assume that i < p — 1. Let 7([a» +i, 0^+2]) ^ H Vj,',. Hence 7(a !f)+ i) G 
V a H K' fl VJj' fl VI, and we can conclude using the cocycle condition: 

a v a ,v a i <T v _i,v tl • • • 0Vl,v 3 = °v a y a , °~v^Va cr v 6 '_ 1 .y b ' • • • °"Vi',V2 

= O'Va.V./ O'VC'Va a V'V' 0"K' , .V' ■ ■ ■ a V'V' 
= a V',,V„, °~V'V', °V' , .V! • ■ ■ 0V,' V~'j 

fa' ' a b'fa' 6— 1 ' 6 1 ' 

a contradiction to our assumption. Hence i = p — 1 and we can conclude that 7 7 is independent of the 
chosen covering. 
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If 7 and 7' are paths that pass through exactly the same open sets Ui in the same order, then we can 
conclude that 7 7 = Jy holds as exactly the same transition functions are involved. Hence, a continuous 
deformation of 7 does not change I~ r As X is simply connected we can contract 7 to a point. This 
implies 7 7 = 7 7o , where 70 is the constant path 70 (t) = P for all t. Thus 7 7 = 7 7o = 1. This proves 
the claim. □ 

There is a related theorem in £T09| which we want to state here. As we will not need the result in this 
work, we will omit the proof and refer to IIT09II instead. 

Theorem 1.24. Let tt : L — > X be a line bundle on the simply connected tropical cycle X. Then L is 
trivial, i.e. L = X xMasa vector bundle. 

Combing both theorem[T723]and theorem[L24]we can conclude the following: 

Corollary 1.25. Let tt : F — > X be a vector bundle of rank r on the simply connected tropical cycle X. 
Then F is trivial, i.e. F = X x M. r as a vector bundle. 

2. Chern CLASSES 

In this section we will introduce Chern classes of tropical vector bundles and prove basic properties. To 
be able to do this we need some preparation: 

Definition 2.1. Let tt : F — » X be a vector bundle of rank r and let s : X — > F be a rational section 
with open covering Ui, . . . , U s as in definition ! 1.1 81 We fix a natural number 1 < k < r and a subcycle 

Y G Zi(X). By definition, Sy := o $j o s : Ui — > R is a rational function on Ui for all Hence, 
for all i we can take local intersection products 

(*w.y)nui:= J2 SlJ1 --- Sl]k -(Ynu t ). 

l<jl<...<jk<r 

Since s^/j = Si a (j\+(fj onf/jflJ/j/ for some a G S r and some regular invertible map ipj S O* (UiC\Ui'), 
the intersection products (s^ ■ Y) n Ui and (s^ ■ Y) n U^ coincide on Ui (~1 Uy and we can glue them 
to obtain a global intersection cycle ■ Y <E Zi_\.(X). 

Lemma 2.2. Let 7r : F — > X be a vector bundle of rank r, fix k £ {1, . . . , r} and let s : X —> F 
be a rational section. Moreover, let Y S Zi{X) be a cycle and let ip G 1C*(Y) be a bounded rational 
function on Y. Then the following equation holds: 

s « . ( v • y) = v? ■ -Y). 

Proof. The claim follows immediately from the definition of the product ■ Y. □ 

Lemma 2.3. Let tt : F — > X and tt' : F' — > X be two isomorphic vector bundles of rank r with 
isomorphism f : F — > F'. Moreover, fix k G {1, . . . , r}, let s : X — > F be a rational section and let 

Y G Zi(X) be a cycle. Then the following equation holds: 

a W-Y=(fo8)W-YeZi- k (X). 

Proof. Let U\, . . . , U s be an open covering of X satisfying definition 11.51 for both F and F' and let 
Sij := Pj o $i o s : Ui — > R and (/ o s)y := p^ o f , o / o s : J7j — > E as in definition 12. II By 
lemma [TTT6l the isomorphism / can be described on Ui x W by (x, a) 1— > (x, Ei(x) a) with £^(x) = 
D(ipi, . . . , (/5 r ) A CT for some regular invertible functions <pi,...,<p r G 0*{Ui) and a permutation 
(j G 5V- Hence (/ o s)ij = s ia ^ + ipj on t/, and thus 

s ijl ---s ijh -(Ynu i )= J2 (/°4v(/°%'( y nf/ t ), 

l<Ji<-<ifc<r l<j'i<-<J*<r 

which proves the claim. □ 
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To be able to prove the next theorem, which will be essential for defining Chern classes, we first need 
some generalizations of our previous definitions: 

Definition 2.4 (Infinite tropical cycle). We define an infinite tropical polyhedral complex to be a tropical 
polyhedral complex according to definition IAR07I definition 5.4] but we do not require the set of 
polyhedra X to be finite. In particular, all open fans F a have still to be open tropical fans according to 
1AR07I definition 5.3]. Then an infinite tropical cycle is an infinite tropical polyhedral complex modulo 
refinements analogous to OAR07I definition 5.12]. 

Definition 2.5 (Infinite rational functions and infinite Cartier divisors). Let C be an infinite 
tropical cycle and let U be an open set in |C|. As in IIAR07I definition 6.1] an infinite rational 
function on U is a continuous function <p : U — > M such that there exists a representative 
({{X, \X\, {m a } (J £x) 1 ux), {M a } a& x) of C, which may now be an infinite tropical polyhedral com- 
plex, such that for each face a G X the map ip o m^ 1 is locally integer affine linear (where defined). 
Analogously it is possible to define infinite regular invertible functions on U. 

A representative of an infinite Cartier divisor on C is then a set {(Ui, <Pi)\ i £ I}, where {Ui} is an 
open covering of \C\ and <pi is an infinite rational function on Ui. An infinite Cartier divisor on C 
is then a representative of an infinite Cartier divisor modulo the equivalence relation given in IAR07I 
definition 6.1]. 

Remark 2.6. Using these basic definitions it is possible to generalize many other concepts to the infinite 
case. In particular, as our infinite objects are locally finite, it is possible to perform intersection theory 
as before. 

Definition 2.7 (Tropical vector bundles on infinite cycles). Let X be an infinite tropical cycle. A tropical 
vector bundle over X of rank r is an infinite tropical cycle F together with a morphism 7r : F — > X 
such that properties (a)-(d) given in definition ! 1 .5 l are fulfilled with the difference that the open covering 
{Ui} of X may now be infinite. 

Now we are ready to prove the announced theorem: 

Theorem 2.8. Let -k : F — > X be a vector bundle of rank r and S\,S2 ■ X — > F two bounded rational 
sections. Then s[ k ^ ■ Y and ■ Y are rationally equivalent, i.e. 



the tropical structure inherited form X and obtain an infinite tropical cycle X according to definition 
12.41 Moreover, pulling back F along p, we obtain a tropical vector bundle p*F on X according to 
definition ^. 71 As X is simply connected we can conclude by lemma [TT231 that p*F = L\ © . . . © L r 
for some infinite tropical line bundles L\, . . . , L r on X. Hence, the bounded rational sections p*s\ and 
p*S2 correspond to r infinite tropical Cartier divisors as in definition ^. 5l each. which we will denote by 
<pi,...,<p r and tpi, . . . , ip r , respectively. By lemma [L201 we can conclude that for all i these Cartier 
divisors differ by bounded infinite rational functions only, i.e. ipi — ipi = hi for some bounded infinite 
rational function hi on X. In particular, 



with a bounded infinite rational function h and infinite Cartier divisors £j. Then we can define a rational 
function h, which is then also bounded, and Cartier divisors ^ on X as follows: Let U C \X\ and 
U C \X\ be open subsets such that p\fj : U — > U is bijective with inverse map p' : U — > U . Then we 



[s[ k) -Y} = [4 k) -Y)€A4X) 



holds for all subcycles Y £ Zi(X). 



Proof. Let p : \X\ 



X\ be the universal covering space of \X\. We can locally equip \X\ with 
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locally define h\u '■= (p') h\y and £i\u := {p')*£,i\ij- Note that h and are well-defined as the Cartier 
divisors ip^ and tpi, respectively, are the same on every possible set U ^ U. As we locally have 

(s^-Y)nu = P J Yl <Pii---<Pi*-tf).(yriU) 

\l<ii<...<j fc <r 

and 

(4 fc) -Y)nu = P J 4h ■ • ■ i>h ■ (p')*(y n u) 

\l<jl<-..<]k<r 

we can conclude that 

( S [ k) -4 fc) )-y = ft 

which proves the claim. □ 
Now we are ready to give a definition of Chern classes: 

Definition 2.9 (Chern classes). Let tt : F — > X be a vector bundle of rank r admitting bounded rational 
sections. For k 6 {1, ■•■,?*} we define the fc-th Chern class of F to be the endomorphism 

c k (F) : -> : [Y] ^ [s« ■ F], 

where = 0, ^.i(X) and s : X — > i 7, is any bounded rational section. Note that the map Ck(F) 

is well-defined by lemma 12.21 and independent of the choice of the rational section s by theorem 12.81 
Moreover, we define c (F) : A*(X) — > A*(X) to be the identity map and c k (F) : A* (X) — > A*(X) 
to be the zero map for all k £ {0, . . . , r}. To stress the character of an intersection product of Ck{F) we 
usually write c k (F) ■ Y instead of c k (F)(Y) for Y G A*(X). 

Remark 2.10. Note that lemma |231 implies that isomorphic vector bundles have the same Chern classes. 

As announced in the beginning we finish this section with proving some basic properties of Chern 
classes: 

Theorem 2.11 (Properties of Chern classes). Let tt : F — ► X and tt' : F' — > X be vector bundles 
of rank r and r', respectively, admitting bounded rational sections. Moreover, let f : X — > X be a 
morphism of tropical cycles. Then the following holds: 

(a) a(F) = for alii {0, . . . ,rank(F)}, 

(b) a(F) ■ ( Cj (F') ■ Y) = Cj {F') ■ (c t (F) ■ Y) for all Y 6 A,(X), 

(c) f*(ci(f*F) ■ Y) = Ci {F) ■ f,(Y) for all Y e A„(X), 

(d) a(f*F) ■ f*(Y) = f*(ci(F) ■ Y) for all Y G A*(X) if X and X are smooth varieties, 

(e) c k {F ® F<) = Y. i+3=k c l {F) ■ C] {F<) 

(f) d(F) ■ Y = V{F) ■ Y for all Y G if r = rank(F) = 1, where V{F) is the Cartier 
divisor class associated to F. 



Proof. Properties (a) and (e) follow immediately from definition ^. 91 property (b) follows from the fact 
that the intersection product is commutative and property (f) follows from remark [T.21l 

(c) : The projection formula implies 

Mci(TF) • Y) = /.([(/**)« • Y]) = [ S « ■ UY] = a(F) ■ f.Y, 

where s is any bounded rational section of F. 

(d) : Applying |A09 theorem 3.2 (c) and (f)] we obtain 

Ci(fF) ■ f*Y = [(/*s)W • f*Y] = [/*( S W • Y)] = /*[«W ■ Y] = f*( Ct (F) ■ Y), 
where s is again any bounded rational section of F. □ 
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Remark 2.12. In "classical" algebraic geometry even the following, generalized version of property 
(e) is true: Let — > F' — > F — > F" — > be an exact sequence of vector bundles, then c/-(F) = 
J2i+j=k c i(F') ' c j{F")- I n tne tropical world it is not entirely clear what an exact sequence of tropical 
vector bundles should be. Nevertheless, in some sense the "classical" statement is true in tropical 
geometry as well: Let n\ : F\ — > X and n 2 : F2 — > X be tropical vector bundles of rank n and 
r 2 , respectively, and let f/i, . . . , U s be an open covering of X such that all requirements of definition 
ll.5l are fulfilled for F\ and F2 simultaneously. Moreover, let / : F\ — > F2 be an injective morphism of 
tropical vector bundles such that (<I>f 2 0/0 ($ 2 Fl )~ 1 ){U i x R 1 " 1 ) = £/* x (e^ , . . . , e ir } R for all i, i.e. 
such that the image of Fi under / is a subbundle F' of F 2 (cf. definition 03- Then we can conclude 
by remark [TT3l that F 2 is decomposable into F 2 = F' © F" = F\ F" for some other subbundle F" 
of F 2 . Hence we can conclude by theorem B.lll that Ck(F 2 ) — J2i+j=k c i(Pi) ' c j(F")- 

3. Vector bundles on an elliptic curve 

In this section we will give a complete classification of all vector bundles on an elliptic curve up to 
isomorphism. One characteristic to distinguish different bundles will be the following: 

Definition 3.1 (Degree of a vector bundle). Let X := X 2 be the curve from [ AR07, example 5.5] and 
let 7r : F — > X be a vector bundle of rank r. We define the degree of F to be the number 

deg(F) :=deg(ci(F)-X). 

As already advertised in example 11.101 vector bundles on the elliptic curve X can be described by a 
single transition function. We will prove this fact in the following lemma: 

Lemma 3.2. Again, let X := X 2 be the curve from MAR07I example 5.5] and let n : F — > X be a 
vector bundle of rank r. Then F is isomorphic to a vector bundle it' : F' — > X that admits an open 
covering U[, . . . ,U' S and transition maps such that at most one transition map is non-trivial. 

Proof. Let U\, . . . , U s be the open covering with transition maps for F according to definition |1.5l 
We may assume that all sets Ui are connected and that for all i,j the intersections Ui D Uj are connected 
as well. Moreover, we may assume that the sets Ui are numbered consecutively as shown in the figure. 
For simplicity of notation we will consider our indices modulo s. 




We can write every map Mj^+i, i = 1, . . . , s, as 

Mi, i+ i(x) = • ■ • , vlJ+iX*) - Di(x) Pi 

for some regular invertible functions <p^f + i <E 0*(Ui D Ui+i) and permutations u^i+i G 5V- We 
will show that we can replace successively all the transition maps Mj^+i but one by the constant map 
M' ii+1 : Ui fl Ui+i — ► G(r) : x 1— > E and the resulting vector bundle F' is isomorphic to F: Choose 
j'o £ {2, . . . , s}. Note that if we are given a regular invertible function tp G 0*(Ui n JTy) there is a 
unique regular invertible function G 0*(Ui) such that ^|t; 4 nt/j = f- As they are regular invertible 
functions, too, we can extend in exactly the same way the finite entries of the matrix Dj along the chain 
Uj -i, Uj -2, ■ ■ ■ , Ui+i to any set Ui+i for i G {2, ■ ■ ■ ,jo — 1}. By abuse of notation we will denote 
this continuation of Dj as well by Dj . Now, we take U[ := Ui for all i = 1, . . . , s and 

, M f P j0 D io (x) M ii+1 (x) D io (x)" 1 Pr 1 , if/: {2 , /:: 1} 

I M M+1 (x), if i G {jo + 1,. ..,*}• 
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Moreover, we set M' 12 {x) := P j0 D jo (x) D\{x) Pi and M' joJo+1 (x) := E. To check that the 
vector bundle F' we obtain from this gluing data is isomorphic to F we apply lemma [TTT61 We set 



D jo {x)QP jo , ifiG{2,...,io} 
E, else, 



and get 



(D jo P jo ) (Di © Pi) = (D Jo P J0 ^ P ) P 

(■Djo © ) © (D2 P 2 ) = (D jo P j0 D 2 P 2 D7 1 P- 1 ) (D Jo P J0 ) 

E®(D jo QP jo ) = EQ(D jo QP jo ). 
This finishes our proof. □ 



To classify all vector bundles on our elliptic curve X we give now a non-redundant parametrization of 
all indecomposable vector bundles on X. Arbitrary vector bundles are then just direct sums of these 
building blocks. 

Theorem 3.3 (Vector bundles on elliptic curves). Let X := X 2 be the curve from QAR07I example 
5.5]. Then the set of indecomposable vector bundles of rank r and degree d is in natural bijection with 
gcd(r, d) ■ X, i.e. with points of the curve X stretched to gcd(r, d) times the original length. 



Proof. Let 7r : F — > X be an indecomposable vector bundle of rank r with open covering U\ , . . . , U s 
and transition maps My according to definition 1 1.5 1 Again, we may assume that all sets Ui are con- 
nected, that for all i, j the intersections Ui n Uj are connected as well and that the sets {/, are numbered 
consecutively. Moreover, by lemma 13.21 we may assume that M12 is the only non-trivial transition 
map. Let M±2(x) = D(ipi, . . . , <p r )(x) A a =: D(x) A a for some regular invertible functions 
tpi,...,<p r G 0*(Ui n U2) and a permutation a G S r . As F is indecomposable a must by a single 
cycle. Hence there exists q G S r such that quq^ 1 = (12 . . . r). We will apply lemma [TTT61 to show that 
we can replace Mx^ix) by AI[ 2 (x) := A g Q D(x)Q A e -i 0A( 12 ...r) without changing the isomorphism 
class of F: We set Ei{x) := A g for all x and all i and obtain 

A g (Z)(x) A a ) = {A e QD{x)QA e -iQA {12 ,„ r) )QA e 
A g QE = E Q Ag 

AgQ E = E Ag. 

Hence we may assume that a = (12 ... r). Our next step is to apply lemma [TTT61 to show that we may 
replace D(x) = D(<px, . . . ,ip r ) by D'(x) = D(ip',0, ... ,0) for some iff G 0*(Ui n U 2 ) without 
changing the isomorphism class of F. For i = 1, . . . , r let on be the slope of <^ and let L be the 
(lattice) length of our curve X. For i = 2, . . . , r we set (5i := Xy=il? — £ + 1) • o^ . Moreover, we define 
:= if 1 + . . . + (p r — 5 2 L. Note that if we are given a regular invertible function ip G O* (UiHUj) there 
is a unique regular invertible function tp G 0*(Ui) such that ^l^inu = f- Hence we can extend our 
regular invertible functions 921 , . . . , cf r along the chain U 2 , U3 , . . . , U s , U\ to any of the sets U\ , . . . , U s . 
Note that onU\ DU 2 the extension of ifi to U 2 and the extension of cfi to U\ differ exactly by otiL. We 
use these continuations to define the maps Ei. 

Ei{x) := F>{Jp 2 + ... + (f~ - 8 2 L,^p3 + ... + '!&.- S 3 L, ...,(f~- 6 r L,0), 

where for entries of E{ the map (fj denotes the continuation of ifj to [/,;. Hence we obtain on UinU 2 : 

E 2 M12 

= D(<^2 + ... + &■ — 8 2 L, S r L, 0) (D(ipi, . . . , <p r ) 

= D(<^2 + ■ ■ ■+ fr ~ S 2 L, . . . ,lfi r - S r L, 0) (Z%1 , . . . , <fr) A a ) 

= + ... + lf r — 5 2 L, ip 2 + . . . + tp T — 83L, . . . , (p r -i + (f r — 5 r L, tp r ) A a 
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and 

M[ 2 Ei 

= {Dfa + ... + tp r - S 2 L, 0, . . . , 0) A„) D(Jp2 + ...+&- <5 2 L, . . . , - 0) 

= {D(tpi +... + <p r - 5 2 L, 0, . . . , 0) A„) -D(V32 + . . . + v? r - <5 3 L, . . . , <p r - 5 r -lL, 0) 

= D(lfl + ... +<p r — 5 2 L, lfi 2 + . . . + (p r — 63L, . . . , (fir-1 + <fr — 8 r L, ip r ) A a . 

The other conditions are trivially fulfilled as Ei\u in \j i+1 = i?-t+i It/inc/i+i for all i ^ 1. Hence we 
may assume that Mi%(x) = D(x) A a = D(<p', 0, . . . , 0)(x) A( 12 ... r ). As F is a vector bundle 
of degree d the affine linear map ip' must have slope — d. Thus, the transition map M\i is determined 
by the isomorphism class of F up to translations of <pJ . To prove the claim it remains to show that two 
vector bundles F and F' as above with transition maps M\2(x) = D(ip, 0, . . . , 0)(x) A(\%...r) an d 
M\2{ x ) = D(<P + 0, . . . , 0)(x) ^4(i2.. .r) are isomorphic if and only if c is an integer multiple of 
gcd(r, d): By lemma [TTol F and F' are isomorphic if and only if for alH = 1, . . . , s there exists a map 
Ei : Ui — > G{r) such that for all i the equation Ei+\(x) M,.i + i(x) = M' ii+l (x) Ei(x) holds for 
all x 6 £/j l~l Ui+i. As Mj ; j_|_i is trivial for alH ^ 1 these equations imply -Eil^nt/i+i = ^i+i|i7jn£/ i+ i 
for all i ^ 1. Hence F and i 7 " are isomorphic if and only if there exist a permutation r £ SV and regular 
invertible functions ^>i, . . . ,ip r £ R f/ 2 ) with continuations . . . , ip r to all sets [/i, . . . , U s 

along the chain U2, Us, ■ ■ ■ , U s , U\ such that 

(D^pi, . . . , Vv) © Ar) (1%, 0, . . . , 0) A a ) = (D(<p + cL, 0, . . . , 0) A CT ) . . . , Vv) © A T ) 

holds on [/1 fl C/2- In particular, the last equation implies A T A a — A„ A r and hence r = a k for 
some fc £ Z. Thus F and F' are isomorphic if and only if there exist k £ Z and ipi, . . . ,ip r as above 
such that 

D(lp!,. . .,1p k ,1p k+1 + ip,1p k+2 , ...,1p r )0 A a k+i = £>(<£ + CL + 1pr,1pl, •■ •> VV-l) A CT fe+l. 

Let a, be the slope of Then on U\ n f/ 2 the continuation of ^ to XJ 2 and the continuation of ipi to 
fi differ exactly by o^L. Hence we obtain the system of equations 

tpl = Ifi + cL + V-V + Qfri 

V>2 = V^l + Q!li 

V'fc = ipk-i + otk-iL 

ipk+2 = tpk+i + a k +iL 

Ipr = 'lpr-1 + Ctr-lL. 

In particular, we can conclude that ot\ = ... = a k and a k +i = . . . = a r . Hence F and F' are 
isomorphic if and only if there exist oti, a r , k £ Z such that 

— c = (r — k) ■ a r + k ■ a\ and a.\ = —d + a r , 

or equivalently if and only if there exist a r , k £ Z with 

— c = ra r — k ■ d. 

This finishes the proof. □ 



Remark 3.4. Note that the claim of theorem |33l coincides with the equivalent result in "classical" alge- 
braic geometry (see HA57I theorem 7]). 



I would like to thank my advisor Andreas Gathmann for numerous helpful discussions. 
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